
ENERGY THEOREMS IN STRUCTURAL MECHANICS 

by 

A. Jenn ings*  

1, Introduction 

Var ious  t h e o r e m s  of s t r a i n  ene rgy ,  c o m p l e m e n t a r y  e n e r g y ,  po ten t ia l  
e n e r g y  and v i r t u a l  work have been used  e x t e n s i v e l y  in the f ie ld  of s t r u c t u r a l  
ana ly s i s .  A t t empt s  which have been made  to co l l e c t  and r e l a t e  all the 
v a r i o u s  t h e o r e m s  [1-5] tend to show that the f ie ld  of app l ica t ion  of some 
of the t h e o r e m s  ove r l ap .  In c a s e s  where  de f l ec t ion  o r  de f lec t ion  c o m p a t -  
ib i l i ty  r e l a t i o n s h i p s  a r e  r e q u i r e d  then the use  of c o m p l e m e n t a r y  e n e r g y  
[ 6 ]  e n s u r e s  a wider  r ange  of app l ica t ion  than the use  of t h e o r e m s  in-  
volving s t r a i n  e n e r g y  because  the f i r s t  t h e o r e m  of c o m p l e m e n t a r y  e n e r g y  
is appI icable  in c a s e s  where  n o n l i n e a r i t i e s  ex i s t  in the m a t e r i a l  s t r e s s  
s t r a i n  c h a r a c t e r i s t i c s ,  

When c o n s i d e r i n g  s t r u c t u r e s  in which the d e f o r m a t i o n s  a r e  not  smal l ,  
then none of the e s t a b l i s h e d  e n e r g y  t h e o r e m s  used  in t he  conven t iona l  way 
will y ie ld  de f l ec t ion  or  de f lec t ion  compa t ib i l i t y  equa t ions .  The or ig in  of 
this weakness  s t e m s  f r o m  the na t u r e  of c o m p l e m e n t a r y  ene rgy ,  for ,  unl ike 
s t r a i n  e ne rgy ,  it is not a f o rm  of po ten t ia l  ene rgy .  W e s t e r g a a r d  [7] and 
Cha r l t on  have shown that  c o m p l e m e n t a r y  e n e r g y  is not  c o n s e r v e d  fo r  s t r u c -  
t u r e s  unde rgo ing  g r o s s  de f o rm a t i on .  Howeve r  L ibove  [8 ] ,  Cha r l ton  [9]  
and L e v i n s o n  [10] have shown that it is pos s ib l e  to develope  new t h e o r e m s  
or  adapt  ex i s t ing  ones to c a t e r  fo r  the case  of g r o s s  d e f o r m a t i o n .  Although 
ach iev ing  the s a m e  r e s u l t  the i r  app r oach  is e n t i r e l y  d i f f e ren t .  L ibove  de-  
f ines  a new f o r m  of c o m p l e m e n t a r y  e n e r g y  and deve lopes  a t h e o r e m  of 
s t a t i o n a r y  total  c o m p l e m e n t a r y  e n e r g y  which is  c o n t r a s t e d  with the s t a -  
t i ona ry  p r i nc ip l e  of total  po ten t ia l  ene rgy ,  w h e r e a s  Cha r l t on  uses  the p r i n -  
c ip!e  of v i r t u a l  work  in an unconven t iona l  way. It would appear necessary  
that any new energy theorems or principles should be discussed in as many 
ways as possible before they can take their proper  place alongside the 
established theorems.  The p r e s e n t  p a p e r  is cont inuing this d i s c u s s i o n  by 
c o n s i d e r i n g  the fol lowing quest ions:  

a) It is r e a l l y  n e c e s s a r y  to i n c r e a s e  the scope  of the e n e r g y  t h e o r e m s ?  
b) What is  the s i m p l e s t  f o r m  to p r e s e n t  any new t h e o r e m s ?  
c) How should such t h e o r e m s  be j u s t i f i ed?  
d) What is t he i r  r e l a t i o n s h i p  to the ex i s t ing  t h e o r e m s ?  

In o r d e r  to d i s c u s s  the n e c e s s i t y  of i n c r e a s i n g  the scope  of e n e r g y  the-  
o r e m s  s o m e  e q u i l i b r i u m  and compa t ib i l i t y  equa t ions  a r e  deve loped  which 
can a r i s e  in the ana lys i s  of a f r e e l y  hanging cab le .  
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Fig, 1. A freely hanging cable. 
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2. The Free  Cable 

A.Jennings 

The f r e e l y  hang ing  cab le  c an  be a n a l y s e d  by the f o r c e  m e t h o d  a l l owing  
f o r  g r o s s  d e f o r m a t i o n s  [ 1 1 , ' 1 2 ] .  C o n s i d e r  the cab le  shown  in F i g .  1, wh ich  
h a n g s  b e t w e e n  two s u p p o r t s  A and E and c a r r i e s  t h r e e  v e r t i c a l  l o a d s  W1, 
W2 and W3 at  B, C and D r e s p e c t i v e l y .  A s s u m i n g  that  the cab le  has  no 
bend ing  s t i f f n e s s  it will  adopt  a s e r i e s  of s t r a i g h t  l i nes  b e t w e e n  the po in t s  
of l oad  a p p l i c a t i o n .  I ts  b e h a v i o u r  is s i m i l a r  to a cha in  of b a r s  and when 
c o m p l e t e l y  u n l o a d e d  i ts  p o s i t i o n  in s p a c e  i s  unde f ined .  H o w e v e r ,  when a 
load  has  been  app l i ed  to the cab l e  i ts  s u b s e q u e n t  c h a r a c t e r i s t i c s  a r e  s i m -  
i l a r  to that of a structure, in that it deflects finite amounts under addi- 
tional load, it can store energy and return to its original equilibrium po- 
sition when the additional load is removed. A significant problem would 
be that of determining the position of the cable for a given set of loads. 
An outline 'of a force method analysis of the cable will now be given. 

P 
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Fig.2. Statically determinate system corresponding to free cable. 

A s s u m e  n u m e r i c a l  v a l u e s  f o r  H and V, the h o r i z o n t a l  and v e r t i c a l  c o m -  
p o n e n t s  of the s u p p o r t  r e a c t i o n  at A. Then  the cab l e  as  shown  in F i g .  2 
is  s t a t i c a l l y  d e t e r m i n a t e  which  m e a n s  that  the t e n s i o n  and s lope  of  a l l  the 
cab l e  l inks  c a n  be ob t a ined  by c o n s i d e r i n g  only  s t a t i c a l  e q u i l i b r i u m ,  g iv ing  

T12 = H 2 + V 2, 

co s  ~1  = H / T 1 ,  s in  ~1 = V / T 1 ,  (1) 
= H 2 2 T 2  2 + (V - W1) , 

c o s  a 2 = H / T 2 ,  s in  a 2 = (V - W l ) / T  2, 

e tc .  

The s t r a i n e d  l e n g t h s  of the cab le  l inks  c an  then be o b t a i n e d  and the s p a n  
s and r i s e  r of the cab l e  c an  be ob t a ined  f r o m  the fo l lowing  c o m p a t i b i l i t y  
c o n d i t i o n s  

! I I T 

s = 11 c o s  ~1 + I2 c o s  o~ 2 + 13 c o s  ol 3 * ~4 Cos o~ 4 
(2) ; ; ! ! 

r = 11 s in  a l  + 12 s i n  ~2 + 13 s in  ~3 + 14 s in  or4 

w h e r e  1[ is  the s t r a i n e d  l eng th  of cab l e  l i n k  i. 
In g e n e r a l  the c a l c u l a t e d  span  and r i s e  will  not  be c o r r e c t  and it is  n e c -  

e s s a r y  to a d j u s t  H and V in s u c h  a way as to c o r r e c t  s and r .  A r a p i d  
p r o c e d u r e  f o r  a d j u s t i n g  H and V is to deve lope  the l i n e a r  f l e x i b i l i t y  e q u a -  
t ions  which  def ine  the c h a n g e s  in s p a n  and r i s e ,  5s  and 6 r ,  in t e r m s  of 
c h a n g e s  in the s u p p o r t  r e a c t i o n s  6H and ~V. By put t ing  6s  and 6 r  equa l  



Energy theorems in structural mechanics 309 

to the r e q u i r e d  c o r r e c t i o n  then l i n e a r  e s t i m a t e s  of the c o r r e c t  s u p p o r t  r e -  
a c t i o n s  can  be ob ta ined .  E r r o r s  a r i s e  t h r o u g h  the n o n l i n e a r  b e h a v i o u r  of 
the cab l e  and h e n c e  i t e r a t i o n  is  r e q u i r e d  unt i l  a s u i t a b l e  a c c u r a c y  is a -  
c h i e v e d .  

One m e t h o d  of d e t e r m i n i n g  the f l ex ib i l i t y  e q u a t i o n s  a s s o c i a t e d  with in -  
c r e m e n t a l  changes in the support reactions is to, first of all, obtain the 
corresponding change in the cable link tensions. From eq. I it is seen that 

T16T I = H6H + VSV 

6T ! = cos ql 6H + sin a I 5V giving } 

similarly 6T 2 = cos q2 6H + sin a2 6V (3) 

etc. 

Then it i s  necessary to determine the change in slope of the cable links 
and from these to deduce the change in span and rise of the entire cable. 

It is not the object of the paper to formulate the solution to the free 
cable problem, the reason for extending the analysis as far as this is to 
show the significance of eqs. (2)and (3). These particular equations, when 
written in matrix form, show an obvious relationship with each other. 
Eq.  '(3) is 

5T  2 c o s  ~2 s in  vL 2 [ . S V ]  
= 

5T  3 c o s  a 3 s in  a 3 

6 W 4 c o s  o~ 4 s in  a 4 

(4) 

and eq.  (2) is 

r s in  ~1 s in  a 2 s in  oL 3 s in  ~4 1 

1 

1 

(5) 

This correspondence of these equations could be explained as coincidence, 
however similar results are obtained for other cable configurations and also 
for pin-jointed frame problems in which gross deformation is taken into 
consideration. 

Transposed relationships between the matrices involved in equilibrium 
and compatibility equations are a well known feature of matrix structural 
analysis, but in other cases the reason for this correspondence can be 
justified by reference to appropriate energy theorems. However in ~he case 
under consideration none of the widely accepted energy theorems is ap- 
plicable. Because incremental changes in the force system are involved, 
all but complementary energy theorems must be excluded. But the com- 
plementary energy theorems must be excluded. But the complementary 
energy for the cable cannot be obtained because the unloaded position of 
the cable is indeterminate and due to gross deformation the first theorem 
of complementary is not valid. 

3. The Relevance  o f  New Energy  Theorems  

It would  be of a d v a n t a g e  if  the s t r u c t u r a l  a n a l y s t  w e r e  to be a w a r e  of 
any  r e l a t i o n s h i p  b e t w e e n  the e q u i l i b r i u m  and c o m p a t i b i l i t y  e q u a t i o n s  which  
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arise in the particular problem under consideration. Such relationships could 
then be used either to save time in the analysis or as a partial check on 
the equations used. However, unless any underlying energy theorems are 
properly enunciated then it would not be possible to forsee the situations 
in which these equations would correspond. In eases where approximations 
are made about the force system to produce a small number of variables 
in an analysis, the need to develope energy theorems to cater for the ease 
of gross deformation is even more pronounced. 

It may be true that for most structures undergoing gross deformation it 
is simpler to adopt a displacement method analysis. However the problem 
of the free cable tends to suggest that this may not always be so. The 
number of unknown forces for the free cable is always two no matter how 
many vertical loads are applied to the cables and therefore, a force method 
solution would seem to be particularly suitable. 

The name 'gross deformation' may be misleading to the extent of giving 
the impression that it would only apply to deformations beyond those usually 
tolerable in real structures. Whereas this might normally be true, it is 
necessary to use gross deformation theory whenever the equilibrium equa- 
tions for the structure are affected by its deflection. Thus it may be rel- 
evant to cable and suspension structures and also to structures near to 
the buckling condition. 

4. Basic Energy Theorems 

Of t h e  a c c e p t e d  e n e r g y  t h e o r e m s  in s t r u c t u r a l  m e c h a n i c s  the t h e o r e m  
of m i n i m u m  t o t a l  p o t e n t i a l  e n e r g y  and  the p r i n c i p l e  of  v i r t u a l  w o r k  a p p e a r  
to be  the m o s t  f u n d a m e n t a l .  T h e  t h e o r e m  of m i n i m u m  to t a l  p o t e n t i a l  e n e r g y  
f o l l o w s  f r o m  the p r i n c i p l e  of c o n s e r v a t i o n  of e n e r g y .  If  e n e r g y  is  not  c o n -  
v e r t e d  in to  h e a t  by  i n t e r n a l  o r  e x t e r n a l  f r i c t i o n  t hen  s m a l l  m o v e m e n t s  of 
a s t r u c t u r e  o r  m e c h a n i s m  wi l l  t end  to r e s u l t  in i n t e r c h a n g e  e n t i r e l y  b e -  
t w e e n  p o t e n t i a l  and  k i n e t i c  e n e r g y .  The  s y s t e m  wi l l  on ly  r e m a i n  in s t a b l e  
equilibrium if all possible small movements result in an increase in po- 
tential energy. This theorem hardly needs any elaborate justification as 
simple illustrations such as the 'ball in bowl' suffice. 

Application of the theorem of minimum total potential energy to structures 
involves introducing the concept of strain energy to describe the work done 
on the structure on account of the movement of the applied forces already 
On the structure as straining takes place. 

The principle of virtual work for a conservative system is equivalent 
to the stationary part of the theorem of minimum total potential energy, 
a p d  the n o r m a l  j u s t i f i c a t i o n  would  s i m i l a r l y  be by  r e a s o n i n g  tha t  a n y  v i r t u a l  
d i s p l a c e m e n t  wh ich  c a u s e s  a d e c r e a s e  in p o t e n t i a l  e n e r g y  m u s t  i m p l y  an  
i n c r e a s e  in k i n e t i c  e n e r g y  of the s y s t e m  and  t h e r e f o r e  c a n n o t  o c c u r  if  the 
s y s t e m  i s  in e q u i l i b r i u m .  H o w e v e r  the i m p l i c a t i o n  tha t  the  p r i n c i p l e  of  
v i r t u a l  w o r k  i s  j u s t  an  a l t e r n a t i v e  way  of s t a t i n g  p a r t  of  the t h e o r e m  of 
m i n i m u m  to t a l  p o t e n t i a l  e n e r g y  is  not  c o m p l e t e l y  t r u e  f i r s t l y  b e c a u s e  the 
p r i n c i p l e  w a s  known b e f o r e  the p r i n c i p l e  of c o n s e r v a t i o n  of e n e r g y  [13 ]  
and  s e c o n d l y  b e c a u s e  i t  c a n  be s u c c e s s f u l l y  a p p l i e d  to n o n c o n s e r v a t i v e  s y s -  
s t e m s .  V i r t u a l  w o r k  c a n  be a p p l i e d  to the c a s e  of a b l o c k  a t  r e s t  on a 
r o u g h  i n c l i n e d  p l a n e .  The  f o r c e s  on the b l o c k  a r e  a s s u m e d  to r e m a i n  c o n -  
s t a n t  o v e r  any  v i r t u a l  d i s p l a c e m e n t  of the b l o c k  i r r e s p e c t i v e  of  w h e t h e r  
the f o r c e s  wou ld  r e m a i n  c o n s t a n t  o v e r  an  a c t u a l  d i s p l a c e m e n t  h o w e v e r  
s m a l l ,  o r  e v e n  w h e t h e r  s u c h  an  a c t u a l  d i s p l a c e m e n t  c o u l d  t ake  p l a c e .  T h u s  
a v i r t u a l  d i s p l a c e m e n t  of the f o r c e s  in a d i r e c t i o n  n o r m a l  to the i n c l i n e d  
p l a n e  would  be a c c e p t a b l e  e v e n  though  the b l o c k  c o u l d  not  m a k e  th i s  m o v e -  
m e n t .  A j u s t i f i c a t i o n  of the u s e  of  v i r t u a l  w o r k  f o r  n o n c o n s e r v a t i v e  s y s -  
t e m s  would  be  tha t  the f o r c e s  a r e  a s s u m e d  to b e  c o n s e r v a t i v e  o v e r  the 
v i r t u a l  d i s p l a c e m e n t ,  and  the f a c t  tha t  the a c t u a l  f o r c e s  do no t  b e h a v e  
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in the s a m e  way d o e s  not  a f f e c t  the a c t u a l  e q u i l i b r i u m  c o n d i t i o n s  d e d u c e d .  

5. A Virtual Work Principle fo r  Incremental Forces 

The p r i n c i p l e  of v i r t u a l  w o r k  can  be w r i t t e n  as  fo l lows :  I f  a body or 
sys tem of bodies is in equilibrium and is given an arbitrary incremental 
displacement, the work done by the external forces  acting on the sys tem 
in this displacement is zero. In the i n t e r p r e t a t i o n  of th is  p r i n c i p l e  it is  
u n d e r s t o o d  that  only  d i s p l a c e m e n t s  a r e  c o n s i d e r e d  in which  the v a r i o u s  
p a r t s  of the s y s t e m  r e m a i n  c o m p a t i b l e  with e a c h  o t h e r .  

An a l t e r n a t i v e  v i r t u a l  w o r k  p r i n c i p l e  i nvo lv ing  c h a n g e s  in the f o r c e s  r a t h e r :  
than c h a n g e s  in d i s p l a c e m e n t  c o u l d  be s t a t e d  as  fo l lows :  I f  a sys tem of 
bodies is such that the position of all the bodies are mutually compatible, 
than for  any arbitrary incremental change in the forces  consistent with 
equilibrium the work required to apply the incremental forces  to the sys-  
tem is zero. 

T h u s  the r o l e s  of c o m p a t i b i l i t y  of d i s p l a c e m e n t s  and e q u i l i b r i u m  of f o r c e s  
have  b e e n  i n t e r c h a n g e d .  H§ 

W,.,- 
w, 

Fig. 3. Five bar chain corresponding to free cable. 

In o r d e r  to app ly  th is  p r i n c i p l e  to the cab l e  p r o b l e m  it would  be n e c e s -  
s a r y  to inc lude  the s u p p o r t s  in the s y s t e m .  The cab l e  and s u p p o r t  s y s t e m  
cou ld  be c o n s i d e r e d  as  the f ive b a r  c h a i n  shown in F i g .  3 in which  the f i f th  
b a r  is r i g i d  and he ld  f i r m l y  in p o s i t i o n .  Suppose  that  t h e r e  is  a l a c k  of  
f i t  at  the le f t  hand  end  of the cab l e  i n v o l v i n g  d i s p l a c e m e n t  c o m p o n e n t s  u 
h o r i z o n t a l l y  and v v e r t i c a l l y :  Then  if  i n c r e m e n t a l  c h a n g e s  in the f o r c e s  
8H and 6V a r e  m a d e  the w o r k  done in a p p l y i n g  t he se  i n c r e m e n t s  is  equa l  
to 

6W = -uSH - v6V (6) 

T h e n e g a t i v e  v a l u e s  a r i s e  b e c a u s e  s e p a r a t i o n  of the i n c r e m e n t a l  f o r c e s  to 
the p o s i t i o n s  as  s h o w n  in F i g .  3 i n v o l v e s  a w o r k  output  by the f o r c e s  r a t h e r  
than w o r k  be ing  done on t h e m .  If  u and v a r e  z e r o  then the w o r k  done in 
a p p l y i n g  the i n c r e m e n t a l  f o r c e s  6H o r  6V to the s y s t e m  a r e  bo th  z e r o .  
B e c a u s e  the cu t  s y s t e m  is  s t a t i c a l l y  d e t e r m i n a t e  al l  the p o s s i b l e  v a r i a t i o n s  
in the f o r c e s  c o n s i s t e n t  with e q u i l i b r i u m  have  been  c o n s i d e r e d  and t h e r e -  
f o r e  the p r i n c i p l e  is  uphe ld  in th is  c a s e .  

A f u r t h e r  e x a m p l e  in which  the p r i n c i p l e  can  be s e e n  to be uphe ld  is 
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the doubly symmetrical pin-jointed frame shown in Fig. 4 

a. Fig.4. A pin-jointed frame 
a) unloaded 
b) loaded 
c) staticaliy determinate configuration. 

which  is a s s u m e d  to u n d e r g o  g r o s s  d e f o r m a t i o n .  B e c a u s e  g r o s s  d e f o r m a t i o n  
is t aken  in to  a c c o u n t  the f o r c e s  in the m e m b e r s , c a n  only  be o b t a i n e d  by 
m e a n s  of jo in t  e q u i l i b r i u m  when two f o r c e s  a r e  known.  A f o r c e  m e t h o d  
a n a l y s i s  of the f r a m e  cou ld  be a c h i e v e d  by C o n s i d e r i n g  the m e m b e r s  AC 
and BD cut  with f o r c e s  of T and P a c t i n g  r o s s  the c u t s ,  and then ad -  
j u s t i n g  the v a l u e s  of T and P unt i l  l a c k  of f i t  a c r o s s  the cu t s  have  been  
e l i m i n a t e d .  If o v e r l a p  o c c u r s  in the cut  m e m b e r s  to the ex t en t  of u in AC 
and v in BD then the w o r k  done in a p p l y i n g  the i n c r e m e n t s  5T and 6P to 
the f o r c e s  a c t i n g  a c r o s s  the cu t s  is  

m 

6W = - u  6 T  vSP (7) 

As the only possible changes in the force system consistent with equilibrium 
involve changes in T or P and the work expression is zero when u = v = 0 
then the principle is again upheld. 

6. Application of the Virtual Work Principle for  Incremental Forces. 

In orde~r to use this principle it is necessary to obtain the work done in 
applying the incremental forces system by summing the work done in ap- 
plying the incremental forces to the individual bodies in the system. One 
method of evaluating the work done in applying incremental forces to pin- 
ended members is to consider the horizontal and vertical components of 
the incremental forces as shown for member i in Fig. 5. If the incremental 

t v, 

Fig.5. Pin-ended bar with horizontal and vertical force increments. 
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f o r c e s  a r e  m o v e d  o n t o  the  m e m b e r  f r o m  a n y  a r b i t r a r y  o r i g i n ,  s a y  0 i n  
F i g .  5, a n d  i f  X i a n d  Yi a r e  the  h o r i z o n t a l  a n d  v e r t i c a l  p r o j e c t i o n s  of the  
m e m b e r  s t r a i n e d  l e n g t h  t h e n  the  w o r k  d o n e  by  the  i n c r e m e n t a l  f o r c e s  6Hi  
a n d  6V i d u r i n g  a p p l i c a t i o n  i s  

In  the  c a s e  of the  f i v e  b a r  c h a i n  ( F i g .  3), w i th  l i n k  i n c r e m e n t a l  f o r c e s  d e -  
f i n e d  i n  F i g .  6 t h e n  f r o m  e q u i l i b r i u m  

v I 61"1 s 

Fig. 6. Five bar chain with horizontal and vertical force increments 

5H 1 = 5H 2 = 6H 3 = 6H 4 = - 6 H  5 = 5H l 

; a n d  5V 1 = 5V 2 = 6V 3 = 5V 4 = -SV 5 = SV 

H e n c e  i n  a p p l y i n g  the  i n c r e m e n t a l  f o r c e  6H the  w o r k  d o n e  i s  

(9) 

6W = - ( X  1 + X 2 + X 3 + X 4 - s ) 6 H  = 0 (lo) 

w h i c h  g i v e s  the  c o m p a t i b i l i t y  c o n d i t i o n  

X 1 + X 2 + X 3 + X 4 = s (11) 

a n d  i n  a p p l y i n g  the  i n c r e m e n t a l  f o r c e  6V the w o r k  d o n e  i s  

6W -'- - (Y1  + Y2 + Y3 + Y4 - r ) a V  = 0 (12) 

w h i c h  g i v e s  the  c o m p a t i b i l i t y  c o n d i t i o n  

Y1 + Y2 + Y3 + Y4 = r (lz) 

E q u a t i o n s  (11) a n d  (13) a r e  the  o n l y  e q u a t i o n s  n e e d e d  to e n s u r e  c o m p a t -  
i b i l i t y  of the  s y s t e m .  

Fig. 7. Pin-ended bar with axial force increments 
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An a l t e r n a t i v e  way  of e v a l u a t i n g  the Work done in app ly ing  i n c r e m e n t a l  
f o r c e s  to p i n - e n d e d  m e m b e r s  is  to c o n s i d e r  c o m p o n e n t s  p a r a l l e l  and p e r -  
p e n d i c u l a r  to the b a r  ax i s  (F ig .  7). The  c o m p o n e n t s  of f o r c e  6R i which  ac t  
p e r p e n d i c u l a r  to the b a r  ax i s  a r e  p r e s e n t  to take a c c o u n t  of p o s s i b l e  c h a n g e s  
in the i n c l i n a t i o n  of the b a r .  H o w e v e r  they  can  be a p p l i e d  wi thou t  do ing  
w o r k  as  the f o r c e s  on ly  n e e d  to be m o v e d  p e r p e n d i c u l a r  to t h e i r  l ine  of 
a c t i on .  H e n c e  the w o r k  done in a p p l y i n g  the i n c r e m e n t a l  f o r c e s  

5W. = l ' .6W (14) 
1 1 1 

and f o r  the f ive  b a r  c h a i n  

- ( l ' lST  1 + l~6T  2 + l~ST 3 + l~ST 4) + sSH + rS V  = 0 (15) 

which  in m a t r i x  f o r m  is  

L6%J 
S u b s t i t u t i n g  f o r  ~6T 1 5T 2 6T 3 6T4}  f r o m  e q u a t i o n  4 g iv e s  

[ ] c ' ' I ] 
I co s  ~3 sin ~3 (17) 

[cos ~ sin =~ 

As th is  e q u a t i o n  is  v a l i d  f o r  5H o r  6V a p p l i e d  s e p a r a t e l y  then  {SH 5V} 
m a y  be c a n c e l l e d  and on t r a n s p o s i n g  e q u a t i o n  5 is  o b t a in ed :  

C o n s i d e r i n g  the p i n - j o i n t e d  f r a m e  of F i g .  4, the a p p l i c a t i o n  of  t h e  v i r t u a l  
w o r k  p r i n c i p l e  f o r  i n c r e m e n t a l  f o r c e  g i v e s  

-41' 6T i' 6T- i' 6P = 0 (18) 
AB AB AC BD 

But from joint equilibrium 

6TAB = - � 89  6T - �89  6P 

H e n c e  

(19) 

(-21'A8 s in  e + i '  2 ' ' )SP = 0 (20) AC )~T + (-  lAB c o s  0 + IBD 

As  th i s  e q u a t i o n  is  t r u e  f o r  i n c r e m e n t s  5T  and 5P a p p l i e d  s e p a r a t e l y  

} 1AC = 2lAB Sin 0 (21) 
F ! 

and IBD = 21AB c o s  O 

T h e s e  c o m p a t i b i l i t y  e q u a t i o n s  can  be s e e n  to be v a l i d  by i n s p e c t i o n  of F i g .  4b. 
What  is  m o r e  they  a r e  the only  c o m p a t i b i l i t y  e q u a t i o n s  n e c e s s a r y  to e n s u r e  
tha t  the f r a m e  wil l  f i t  t o g e t h e r  in i t s  d e f o r m e d  s t a t e .  

When  usi~]g the p r i n c i p l e  of v i r t u a l  w o r k  f o r  i n c r e m e n t a l  d i s p l a c e m e n t s  
i t  is  u s u a l  to a s s u m e  t h a t  by s a t i s f y i n g  the v i r t u a l  w o r k  p r i n c i p l e  f o r  a l l  
p o s s i b l e  v i r t u a l  d i s p l a c e m e n t s  a s u f f i c i e n t  a s  we l l  as  n e c e s s a r y  c o n d i t i o n  
f o r  e q u i l i b r i u m  has  b e e n  ob t a ined .  When c o n s i d e r i n g  the p r i n c i p l e  of v i r t u a l  
w o r k  f o r  i n c r e m e n t a l  f o r c e s  then  any  i n c o m p a t i b l e  s t a t e  i n v o l v e s  an u n -  
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c l o s e d l o o p  in the s y s t e m  a r o u n d  which  m a y  be  s p e c i f i e d  a s e t  of  i n c r e m e n t a l  
f o r c e s  in e q u i l i b r i u m .  H e n c e  t h e r e  m u s t  be  a p o s s i b l e  v a r i a t i o n  in the f o r c e  
s y s t e m  f o r  wh ich  the w o r k  done  in a p p l y i n g  the f o r c e s  wi l l  no t  be  z e r o .  
The  c o r o l l a r y  of  th i s  i s  tha t  i f  the p r i n c i p l e  h a s  b e e n  u p h e l d  f o r  a l l  p o s s i b l e  
v a r i a t i o n s  in the f o r c e  s y s t e m  then  c o m p a t i b i l i t y  i s  a s s u r e d .  A s  wi th  the 
conver~tional virtual work principle this new principle is applicable whether 
or not the system is conservative. 

7. Stress  Energy 

B e c a u s e  e n e r g y  i s  the c a p a c i t y  f o r  do ing  w o r k  t h e r e  i s  l i k e l y  to be  an  
e n e r g y  t h e o r e m  which  h a s  the s a m e  e f f e c t  a s  the p r i n c i p l e  of  v i r t u a l  w o r k  
f o r  i n c r e m e n t a l  f o r c e s ,  In o r d e r  to d e v e l o p e  s u c h  a t h e o r e m  it  i s  u s e f u l  
to i n t r o d u c e  a n e w  e n e r g y  f o r m  which  c o u l d  be  c a l l e d  s t ress  energy, a n d  i s  
d e f i n e d  a s  the t o t a l  w o r k  done  in a p p l y i n g  the f o r c e  s y s t e m  to the s t r u c t u r e  o r  
m e c h a n i s m .  I r i s  a s s u m e d  tha t  the f o r c e s  a r e  t r a n s f e r r e d  f r o m  a n y  a r b i t r a r y  
o r i g i n  to the s t r u c t u r e  w i thou t  a n y  c h a n g e  of m a g n i t u d e  o r  d i r e c t i o n  and  
at a vanishingly slow rate so that no kinetic energy is developed, For a 
conservative system it must be possible at any time to restore all the 
loads to the origin without any overall net gain or loss in energy and hence 
the work done in applying the forces to the structure must be recoverable. 
It is possible for the stress energy to be negative, implying that work.is 
done by the forces in being transferred from the origin onto the structure, 
this work being required again if the forces are to be moved back to the 
origin. 

i\ 1 
IJ 

9/ 
a. b. 

Fig. 8. A two bar mechanism 
a) fully loaded 
b) partially loaded 

The  u n i q u e n e s s  of the s t r e s s  e n e r g y  f u n c t i o n  c a n  be i l l u s t r a t e d  by  c o n -  
s i d e r i n g  the two b a r  m e c h a n i s m  A B C  s h o w n  in F i g .  8a .  C o n s i d e r  the e a s e  
w h e r e  the  b a r s  a r e  i n e x t e n s i b l e  of  l e n g t h  1, a n d  the  s t r e s s  e n e r g y  i s  r e -  
q u i r e d  f o r  the two l o a d s  s h o w n .  T h e  l o a d s  m a y  be  a p p l i e d  s i m u l t a n e o u s l y  
a t  the s a m e  r a t e  in wh ich  e a s e  the g e o m e t r y  of  the b a r s  wi l l  r e m a i n  u n -  
a l t e r e d  and  the s t r e s s  e n e r g y  wi l l  be  

If, on the o t h e r  nand ,  the h o r i z o n t a l  l o a d  i s  a p p l i e d  b e f o r e  the v e r t i c a l  
l oad ,  the g e o m e t r y  of the s y s t e m  wil l  c h a n g e  d u r i n g  l o a d i n g .  When  the 
h o r i z o n t a l  l o a d  i s  b e i n g  a p p l i e d  the b a r s  wi l l  b o t h  be  h o r i z o n t a l  and  t h e r e -  
f o r e  the s t r e s s  e n e r g y  of  the s y s t e m  a f t e r  a l l  the l o a d  a t  A h a s  b e e n  a p p l i e d  
wil l  be  -2W1. C o n s i d e r i n g  now the s i t u a t i o n  when  l o a d  w h a s  b e e n  a p p l i e d  
a t  B in a d d i t i o n  to the fu l l  l o a d  a t  A, the v e r t i c a l  p r o j e c t i o n  of  BC wi l l  
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wl 
be ( F i g .  8b) and  the a d d i t i o n  to the s t r e s s  e n e r g y  due to an  

(w ~ + w2)�89 
a d d i t i o n  dw wi l l  be  

- w l d w  
dS = (23) 

(W 2 + w2)�89 

H e n c e  the t o t a l  s t r e s s  e n e r g y  i s  

wl dw 
S = -2W1 - | 

Jo (w 2 + w2)�89 
= -(1 + V2) Wl (24) 

which  c o r r e s p o n d s  to the r e s u l t  o b t a i n e d  when  the l o a d s  w e r e  a p p l i e d  s i -  
m u l t a n e o u s l y .  I f  the b a r s  a r e  not  r i g i d ,  bu t  l i n e a r  e l a s t i c  wi th  Youngs  
m o d u l u s  E and  c r o s s - s e c t i o n a l  a r e a  A,  t hen  w h i c h e v e r  w a y  the two l o a d s  
a r e  a p p l i e d  the s t r e s s  e n e r g y  wil l  be 

s - - - ( 1  + VS) w l -  
3W21 (25) 
2EA 

If  t h e r e  i s  c o n s e r v a t i o n  of  e n e r g y  then  the s t r e s s  e n e r g y  of  a s y s t e m  
of  b o d i e s  m u s t  be e q u a l  to the s u m  of  the  s t r e s s  e n e r g i e s  of  the c o m p o -  
n e n t  b o d i e s .  T h e r e f o r e  a m e t h o d  of e v a l u a t i n g  the s t r e s s  e n e r g y  of  a s t r u c t u r e  
is  to s u m  the c o m p o n e n t s  a r i s i n g  f r o m  the m e m b e r s .  

In the c a s e  of  a p i n - e n d e d  b a r  of  u n s t r a i n e d  l e n g t h  1 and  e x t e n s i o n  e 
u n d e r  l o a d  t, the i n c r e m e n t  to the s t r e s s  e n e r g y  a r i s i n g  f r o m  an  i n c r e m e n t  
to t i s  

dS = -(1 + e)dt (26) 

T h e r e f o r e  i f  t i s  i n c r e a s e d  f r o m  z e r o  to T the  s t r e s s  e n e r g y  f o r  the b a r  
u n d e r  the l o a d  T is  g i v e n  by  

T 

S = - ~ (1 + e )d t  (27) 
t=0 

F o r  a b a r  in t e n s i o n  h a v i n g  n o n l i n e a r  s t r e s s - s t r a i n  c h a r a c t e r i s t i c s  the 
s t r e s s  e n e r g y  c o u l d  be  r e p r e s e n t e d  b y  m i n u s  the a r e a  A B C D  in F i g .  9a.  
F o r  a n o n l i n e a r  b a r  in c o m p r e s s i o n  the s t r e s s  e n e r g y  c o u l d  be  r e p r e s e n t e d  
by  the A r e a  A B C D  in F i g .  9b. I f  the  b a r  h a s  l i n e a r  s t r e s s - s t r a i n  c h a r a c -  
t e r i s t i c s  wi th  Youngs  m o d u l u s  E and  c r o s s - s e c t i o n a l  a r e a  A t h e n  

T21 

S = -Wl - 2EA (28) 

Both  e q u a t i o n s  27 and  28 a r e  v a l i d  f o r  c o m p r e s s i o n  m e m b e r s  a s  we l l  a s  
t e n s i o n  m e m b e r s  a s  l ong  a s  T and  e adop t  n e g a t i v e  v a l u e s  f o r  c o m p r e s s i o n .  

In the e x a m p l e  of  F i g .  8 the s t r e s s  e n e r g y  of the  b a r s  a l l o w i n g  f o r  e l a s -  
t i c i t y  a r e  g i v e n  by  

W21 } 
SAB = -WI - 2EA 

W21 (29) 
SBC = -2Wl - 
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Fig. 9. Stress energy for a p in-ended bar with nonlinear load deflection characterist ics 

a) in tension 
b) in compression 

S u m m i n g  t h e s e  s t r e s s  e n e r g i e s  g i v e s  the t o t a l  s t r e s s  e n e r g y  which  a g r e e s  
wi th  e q u a t i o n  25. 

8. A Theorem of Stress Energy 

The  s t r e s s  e n e r g y  of  a s t r u c t u r e  o r  m e c h a n i s m  c a n  a l w a y s  be  w r i t t e n  
a s  a f u n c t i o n  of  a s e t  of  i n d e p e n d e n t  f o r c e s .  In the c a s e  of  s t r u c t u r e s  o r  
m e c h a n i s m s  wh ich  a r e  s t a t i c a l l y  i n d e t e r m i n a t e  when  ur~dergoing  g r o s s  d e -  
f o r m a t i o n  s o m e  of  the i n d e p e n d e n t  f o r c e s  wi l l  be  u n k n o w n s .  The  s t a t e  of  
the f r e e  c a b l e  of  F i g .  1 i s  e n t i r e l y  d e f i n e d  by  the f o r c e s  H, V, W1, W2, 
a n d W s ,  h e n c e  the s t r e s s  e n e r g y  c o u l d  be s p e c i f i e d  in t e r m s  of t h e s e  f o r c e s .  
S i m i l a r l y  the s t r e s s  e n e r g y  of the p i n - j o i n t e d  f r a m e  of  F i g .  4 c o u l d  be  o b -  
t a i n e d  a s  a f u n c t i o n  of  F ,  T a n d  P .  

E a c h  i n d e p e n d e n t  f o r c e  t o g e t h e r  wi th  the c o r r e s p o n d i n g  r e a c t i o n  and  i n -  
t e r n a l  f o r c e s  c o u l d  be  c o n s i d e r e d  a s  an  e q u i l i b r a t i n g  f o r c e  s y s t e m .  W h e r e  
the a p p l i e d  f o r c e s  a r e  i n t e r n a l  f o r c e s  ( e . g .  T o r  P of  F i g .  4) i n t r o d u c e d  
a t  i m a g i n a r y  c u t s  in the  s t r u c t u r e  then  the f o r c e  s y s t e m  c o u l d  be  c o n s i d -  
e r e d  a s  s e l f - e q u i l i b r a t i n g .  I t  i s  to be  n o t e d  h o w e v e r ,  tha t  the f o r c e  s y s t e m s  
do no t  a p p e a r  to be  e q u i l i b r a t i n g  s o  f a r  a s  m o m e n t  e q u i l i b r i u m  i s  c o n -  
c e r n e d .  T h i s  a p p a r e n t  a n o m a l y  a r i s e s  b e c a u s e  the l ine  of  a c t i o n  of  the 
f o r c e s  a r e  no t  f i x e d  bu t  a u t o m a t i c a l l y  a d j u s t  in s u c h  a- w a y  t'ha~ a l l  m o m e n t  
e q u i l i b r i u m  e q u a t i o n s  a r e  s a t i s f i e d .  

C o n s i d e r i n g  the s t r e s s  e n e r g y  of  a s t r u c t u r e  o r  m e c h a n i s m  a s  a f u n c t i o n  
of  n i n d e p e n d e n t  f o r c e s  than  

s = S(Ft ..... Fj ..... F n) (30) 

If infinitely small increments are added to the forces then the increment 
to the stress energy is 
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6S = E V . 6 F .  
j= l  ] ] 

where ~Tj is the separation between the force Fj and its reaction. But from 
equation 30 

n a s  (32 )  : S =  r. 
j = l  ] 

A s  e q u a t i o n s  31 a n d  32 m u s t  b e  t r u e  f o r  a n y  p o s s i b l e  v a r i a t i o n  i n  t h e  f o r c e  
s y s t e m  t h e n  

~S _ Vj  (33)  
DFj 

f o r  a n y  v a l u e  o f  j .  
T h i s  c o u l d  b e  s t a t e d  a s  t he  f o l l o w i n g  t h e o r e m :  

The differential coefficient of the stress energy with respect to a force is 
the distance, measured parallel to the line of action of the force, which 
separates the force and its reaction. 
In t h i s  d e f i n i t i o n  i t  i s  i m p l i e d  t h a t  ~ p o s i t i v e  s e p a r a t i o n  i s  one  in  w h i c h  
t h e  f o r c e  a n d  i t s  r e a c t i o n  h a v e  a p o s i t i v e  p o t e n t i a l  e n e r g y .  

In  t he  c a s e  of  a p i n - j o i n t e d  f r a m e  h a v i n g  m e m b e r s  t h e n  
m 

S = E S i (34)  
i=l 

w h e r e  S i i s  t h e  s t r e s s  e n e r g y  o f  m e m b e r  i .  
B u t  S i i s  a f u n c t i o n  o f  T i o n l y ,  h e n c e  

m dS i ST. 

V = E ' (35)  
i=l d T  i DFj 

dS i ! 

A s  - -i i (36) 
dT i 

where l'. is the strained length of the member 
1 

m , 8Ti 
~7. = _  E ir (37) 

J i= l  8F j 

C o n s i d e r  t he  c a b l e  o f  F i g .  2 w i t h  F j  s e t  to  H a n d  V in  t u r n ,  t h e n  e q u a t i o n  
37 g i v e  s 

4 , 8Ti 4 , 8Ti 
s = - E i i ~ ,  r = - E l i ~  (38) 

i=: 8H i=1 8V 

8T i 8Ti 
U s i n g  the  equilibrium equation 3 to  obtain ~ a n d  ~ g i v e s  

8V aV 

4 f 4 I 
s = - E i i c o s  a i , r = E l i  s i n  a t (39)  

i=l i=l 

which is an alternative form for the compatibility equations 2. 
Considering the pin-jointed frame of Fig. 4, then if V T and Vp are the 

overlaps at the cuts in members AC and BD respectively, equation 37 
give s 
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, ~TAs , 8TAo , ~TBc 
= - i IBC ~T 41AB aT AD aT ~)T 
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, 0TAB , aTAD , aTBc 
and Vp = _ 41AB aP IAD aP IBC ~P 

Using the equ i l i b r ium equat ion 19 and put t ing V T and Vp equal  to z e r o  g ives  
! ! 

~7 w = 21AB sin 0 -  lAD = 0 

21'aB i' ---- -- = 0 and ~p cos 0 BD 

which is a statement of the compatibility equations previously obtained by 
using the virtual work principle for incremental forces. 

Thus the stress energy theorem can be used to obtain any os the results 
previously obtained by the principle of virtual work for incremental forces 
and it can be seen that by applying ficticious forces any projected distance 
can be obtained. For example if the projection ~7 of the distance BC onto 
a line with an inclination of 45 ~ is required for the cable problem, then 
the stress energy may be differentiated with respect to the pair of oppo- 
sing forces P shown in Fig. i0. 

P W, W! W3 
Fig. I 0 .  Free cable with additional imaginary load. 

9. Application to a Suspension Bridge Structure 

C o n s i d e r  the s imple  su spens i on  br idge  s t r u c t u r e  shown in F ig .  11, 
l e t  it  be a s s u m e d  that 
a) the deck  g i r d e r  is h o r i z o n t a l  when it has  not  load ac t ing  on it, 
b) sma l l  de f l ec t ion  t h e o r y  is  adequate  fo r  the deck  g i r d e r ,  
c) the e f fec t  of hange r  inc l ina t ion  can be ignored .  

s w, ,w, w3 1 
,_ d _ 1  d _L a _L d 
,_ r p  -1 -  r l -  " t  

Fig. l l .  A simple suspension bridge. 

and 
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T h i s  s t r u c t u r e  c a n  be m a d e  s t a t i c a l l y  d e t e r m i n a t e  by c u t t i n g  the c a b l e  
a t  the l e f t  hand  s u p p o r t  and  i n s e r t i n g  p i n - j o i n t s  in to  the g i r d e r  a t  G, H 
and  J .  By  a s s u m i n g  tha t  F i s  s u p p o r t e d  f r o m  A by  a r i g i d  w i r e  and  b y  
i n t r o d u c i n g  r e d u n d a n t  c a b l e  r e a c t i o n s  H and V and  r e d u n d a n t  g i r d e r  m o -  
m e n t s  M 1, M2, and  M3, the s t r u c t u r e  s h o w n  in F i g .  12 i s  o b t a i n e d .  If 01, 
02 and  03 a r e  the r o t a t i o n s  of  the h i n g e s  c o r r e s p o n d i n g  to M1, M2, and  

"W, 'W, "Ws 
Fig. 12. Statically determinate system for suspension bridge. 

Ms ,  t hen  the p r o b l e m  of a n a l y s i s  i s  to d e t e r m i n e  the v a l u e s  of  the  r e d u n -  
d a n t s  s u c h  t ha t  the s p a n  and  r i s e  of the c a b l e  a r e  c o r r e c t  and  01 = 0 2 = 
= Oa=0. 

The stress energy for the structure may be evaluated. However it is 
simpler to evaluate directly the increment in the stress energy for incre- 
mental changes in the forces. 

As couples are included in the force system it is necessary to determine 
the increment in stress energy arising from an increment to a couple. A 
couple M can be represented by a pair of equal and opposite forces P act- 
ing at a distance y apart. If there is a small rotation 0 then with the di- 
rection of the forces P unaltered, the work done in applying an increment 
to the forces is - ydP (see Fig. 13). Hence the increment in stress energy 

\ M.o 

'R d 
F 

Pig. 13. Loaded configuration of suspension bridge deck giMer member. 

f o r  an  i n c r e m e n t  to a c o u p l e  M is  

6S = -0 6M (42) 

If 01, 09 and  O s a r e  the r o t a t i o n s  of the h i n g e s  1o 2 and  3, the i n c r e -  
m e n t  to tlae s t r e s s  e n e r g y  due to i n c r e m e n t s  in a l l  the r e d u n d a n t s  f o r c e s  
is  

6S = -s6H- rSV- 016M 1 - 026M2 036M3 (43) 
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In o r d e r  to e v a l u a t e  the i n c r e m e n t  to the s t r e s s  e n e r g y  by s u m m i n g  the 
c o n t r i b u t i o n s  of  the i n d i v i d u a l  m e m b e r s  i t  i s  n e c e s s a r y  to h a v e  an e x p r e s s i o n  
f o r  the i n c r e m e n t  to the s t r e s s  e n e r g y  of a t y p i c a l  d e c k  s e g m e n t .  C o n s i d -  
e r  the s e g m e n t  GH in wh ich  the end  m o m e n t s  a r e  M~H and  MHG, the end  
r o t a t i o n s  a r e  0GH and  OHG, the s w a y  is  z and  the s h e a r  f o r c e  i s  R a s  s h o w n  
in F i g .  13. T h e  s t r e s s  e n e r g y  due to i n c r e m e n t s  to the a p p l i e d  f o r c e s  is  

6S = - 0GH 6MGH - 0HG 5MHG - zfiR (44) 

But from equilibrium 

1 (45) 

! ! 

Defining 0GH and  0HG as the end  r o t a t i o n s  m e a s u r e d  r e l a t i v e  to the l ine  GH 
then  

! f 

5S = - 0GHbMGH-  0HGSMHG (47) 

wh ich  i s  e q u a l  to m i n u s  the c h a n g e  in c o m p l e m e n t a r y  e n e r g y  due to a c h a n g e  
in the end  m o m e n t s .  

The  t o t a l  s t r e s s  e n e r g y  o b t a i n e d  by  s u m m i n g  a l l  the m e m b e r  c o n t r i b u t i o n s  
is  thus  

5S = - B I ' eS T  e E0}SMf (48) 

w h e r e  the f i r s t  s u m m a t i o n  i s  f o r  e = AB,  BC,  CD, DE,  A F ,  BG,  CH,  
and  D J  and  the s e c o n d  s u m m a t i o n  is  f o r  f = G F ,  GH, HG, HJ ,  J H ,  and  
J K .  

The  h a n g e r  f o r c e s  c a n  be  o b t a i n e d  b y  c o n s i d e r i n g  the e q u i l i b r i u m  of the 
v a r i o u s  d e c k  s e g m e n t s  of F i g .  12 

TAF = Ml/d  ] 

T~G W 1 + ( - 2 M  1 + M 2 ) / d  

TCH W 2 + (M 1 - 2M 2 + M 3 )/d 

TD I Wa + (M 2 2 M 3 ) / d  

(49) 

and  the c a b l e  t e n s i o n s  c a n  be  o b t a i n e d  f r o m  the e q u i l i b r i u m  of  the c a b l e  

2 = H 2 2 / TAB + IV - M : / d ]  

W~r -- H 2 + IV - W: + (M: M 2 ) / d ]  ~ ) T ~ ,  -- H ~ + Iv  - w~ - w~ + (M~ - ~ ) / o ] ~  

T ~  - ~ 2  + Iv  - w ,  - w~ - w~ + M~/d:] ~ 

(50) 

H e n c e  the f o l l o w i n g  e q u i l i b r i u m  f o r c e s  f o r  i n c r e m e n t a l  f o r c e s  m a y  be  o b -  
t a ined :  
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6TAB 
5TBc 
6TcD 
6TDE 

6TAp 
6TBG 
8Tc  H 
6 TDj 

6M GF 
6MGH 
6MHG 
61V[ Rl 
6MIH 

,6MjK 

cos ~I s]/l ~1 
COS G2 Sin G2 
COS ~3 Sin a3 
COS G 4 sin G 4 

0 0 
0 0 
0 0 
0 0 

. I . .  �9 . i I 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

A. lennings 

sin -sin a2/d 0 
0 sin a3/d -sin a a / d  
0 0 Sill a 4 / d  

1 /d  0 0 
-~./d 1/d 0 

1/d  - 2 / d  1 /d  
0 1 /d  -2/d 

i 0 0 
1 0 0 
0 i 0 
0 i 0 
0 0 i 
0 0 i 

6V 

6M 2 
6M 3 
5M4 

(51) 

By subs t i tu t ing  the va lues  of the i n c r e m e n t a l  f o r c e s  f romeequa t i on  51 into 
equat ion 48 and equat ing the i n c r e m e n t  in s t r e s s  ene rgy  to that of equat ion 
43, it follows that IrJ 

~  ----. 

01 
02 
03 

COS G1 
sin a 1 

, �9 i * 

- s in  al/d 
0 
0 

C O S  a 2 C O S  ~ 3 C O S  ~ 0 0 0 0 J _ O 0 0 0 0 0  

sin a2 sin a 3 sin a 4 0 0 0 0 JO 0 0 0 0 0  
, i  i , . , , . , 6  �9 , . . ,  ~ * , ,  �9 

sin a 2 / d  0 0 J l / d - 2 / d  1 /d  0 I1 1 0 0 0 0  
-s in  a2/d sin a3/d 0 . ] 0 l t d  -2 /d  1/dJO 0 1 1 0 0  

0 - s in  o~3/d sin a4/d  0 0 1 /d -2 /d J0  0 0 0 1 1 

"iA B ] 

I'AFI 
lbol 
lhI-I J 

w J �9 ~ 

ill' 
O TTZ 

(52) 

The equat ions  for  s and r ag ree  with the p r e v i o u s l y  de r ived  f ree  cable  
equat ions .  A typical  equat ion for  hinge ro ta t ion  is 

! I I ! 

0 = (I'AF 21;G + 1CH' - l A B  sin o~ 1 - 1BC sin a2 ) /d  + 0GF + 0GH 

C53) 

the validity of which can be checked by referring to Fig. 14. 
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A 

l&si.% 

Fig. 14. Displaced configuration for two panels of suspension bridge. 

10. Physical Significance of Stress Energy 

The  s t r e s s  e n e r g y  of a c o n s e r v a t i v e  s t r u c t u r e  is  the t o t a l  e n e r g y  which  
c a n  be  r e c o v e r e d  by  r e t u r n i n g  the l o a d s  b a c k  to an  a r b i t r a r y  o r i g i n .  T h i s  
e n e r g y  i s  s t o r e d  in the f o r m  of  p o t e n t i a l  e n e r g y  of  the a p p l i e d  f o r c e s  V and  
s t r a i n  e n e r g y  U, h e n c e  

s -- v + u (54) 

The s t r e s s  e n e r g y  i s  t h e r e f o r e  the t o t a l  p o t e n t i a l  e n e r g y  of the s y s t e m  
c o n s i s t i n g  of the s t r u c t u r e  o r  m e c h a n i s m  and the l o a d s  a c t i n g  on i t ,  and  
h e n c e  c o u l d  be  d e s c r i b e d  b y  the a l t e r n a t i v e  s a m e  s y s t e m  e n e r g y .  E q u a t i o n  
54 c a n  e a s i l y  be  v e r i f i e d  f o r  the c a s e  of  the p i n - e n d e d  b a r  in t e n s i o n  s h o w n  
in F i g .  9a. The  s t r a i n  e n e r g y  of  the b a r  is  g i v e n  by  Stde wh ich  the a r e a  
o f  B C E  of the l o a d  e x t e n s i o n  d i a g r a m .  The  f i na l  p o t e n t i a l  e n e r g y  of the 
a p p l i e d  f o r c e s  is  e q u a l  to T(1 + e); H e n c e  the a r e a  A B D E  is  - V  and  U - S = 
= - V  which  a g r e e s  wi th  e q u a t i o n  54. A s i m i l a r  a n a l y s i s  f o r  the p i n - e n d e d  
b a r  in c o m p r e s s i o n  s h o w n  in F i g .  9b a l s o  u p h o l d s  e q u a t i o n  54. 

The  n a m e  s t r e s s  e n e r g y  is  s u g g e s t e d  b e c a u s e  of c e r t a i n  c o m p l e m e n t a r y  
p r o p e r t i e s  to s t r a i n  e n e r g y .  B o t h  a r e  f o r m s  of p o t e n t i a l  e n e r g y .  If  t h e r e  
is  a c h a n g e  in the d i s p l a c e m e n t  of a s y s t e m  wi th  no c h a n g e  in the f o r c e s  
then  t h e r e  wil l  be  no  c h a n g e  in the s t r e s s  e n e r g y  but  the  s t r a i n  e n e r g y  m a y  
c h a n g e .  On the o t h e r  hand  i f  t h e r e  is  a c h a n g e  in the f o r c e  s y s t e m  wi thou t  
a n y  m o v e m e n t  of the s t r u c t u r e  o r  m e c h a n i s m  then  t h e r e  wil l  be no c h a n g e  
in the s t r a i n  e n e r g y  but  the s t r e s s  e n e r g y  m a y  c h a n g e .  The  t h e o r e m  of 
the d i f f e r e n t i a l  c o e f f i c i e n t  of t h e  s t r e s s  e n e r g y  ~S /DF.  = V j  which  i s  a p -  ] 
p l i c a b l e  to n o n l i n e a r  s t r u c t u r e s  u n d e r g o i n g  g r o s s  d e f o r m a t i o n  m a y  be c o n -  
t r a s t e d  wi th  C a s t i g l i a n o s  t h e o r e m  of the d i f f e r e n t i a l  c o e f f i c i e n t  of  the i n -  
t e r n a l  w o r k  ( P a r t  I) ~U/~V~ = Pi (in wh ich  V i i s  the d i s p l a c e m e n t  c o r r e -  
s p o n d i n g  to the f o r c e  P]) ,  a~ t h i s ' i s  a l s o  a p p l i d a b l e  to n o n l i n e a r  s t r u c t u r e s  
u n d e r g o i n g  g r o s s  d e f o r m a t i o n .  

11. Liboves Complementary Energy Method 

L i b o v e  [ 8 ]  d e r i v e s  a f o r m  of c o m p l e m e n t a r y  e n e r g y  ( c a l l e d  CE)  wh ich  
is  j u s t  tl~e n e g a t i v e  of  s t r e s s  e n e r g y  and  e x h i b i t s  s i m i l a r  d i f f e r e n t i a l  p r o p -  
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t i e s .  L i b o v e  a l s o  d e f i n e s  a t h e o r e m  of s t a t i o n a r y  t o t a l  c o m p l e m e n t a r y  e n e r g y  
which  is  c o m p a r e d  wi th  the s t a t i o n a r y  Dar t  of the t h e o r e m  of m i n i m u m  to t a l  
p o t e n t i a l  e n e r g y .  H o w e v e r  any  i m p l i c a t i o n  tha t  CE  i s  a f o r m  of e n e r g y  
h a v i n g  a dua l  r o l e  to p o t e n t i a l  e n e r g y  s h o u l d  be r e s i s t e d ,  a s  CE i s  i t s e l f  
the n e g a t i v e  of  a f o r m  of p o t e n t i a l  e n e r g y .  

The  a l t e r n a t i v e  u s e  of  s t r e s s  e n e r g y  i s  p r o p o s e d  in th i s  p a p e r  b e c a u s e  
a) t h e r e  would  be no c o n f u s i o n  wi th  E n g e s s e r ' s  o r i g i n a l  c o m p l e m e n t a r y  
e n e r g y  c o n c e p t  wh ich  s t i l l  r e m a i n s  u s e f u l  f o r  s i t u a t i o n s  in which  s t r u c t u r a l  
d e f l e c t i o n s  c a n  be c o n s i d e r e d  s m a l l .  
b) s t r e s s  e n e r g y  is  a p o s i t i v e  f o r m  of p o t e n t i a l  e n e r g y  a s  f a r  a s  the s y s -  
t e m  u n d e r  c o n s i d e r a t i o n  i s  c o n c e r n e d .  
c) the t i t l e  m a k e s  u s e  of the d u a l i t y  in i t s  r e l a t i o n s h i p  wi th  s t r a i n  e n e r g y .  

L i b o v e ' s  t h e o r e m  of s t a t i o n a r y  t o t a l  c o m p l e m e n t a r y  e n e r g y  w a s  s t a t e d  
to be  w e a k  b e c a u s e  e x t r a n e o u s  s o l u t i o n  c o u l d  s o m e t i m e s  be  found  in wh ich  
the t o t a l  c o m p l e m e n t a r y  e n e r g y  was  s t a t i o n a r y  but  wh ich  did  no t  c o n s t i t u t e  
c o m p a t i b l e  s t a t e s  f o r  the s y s t e m .  S u b s e q u e n t  d i s c u s s i o n  on th i s  s u b j e c t  
[ 1 4 ,  15]  c e n t r e d  a r o u n d  a p r o b l e m  which  h a s  b e e n  u s e d  in th i s  p a p e r  and  
i s  i l l u s t r a t e d  by  F i g .  4, and  f o r  wh ich  L i b o v e  r e c o r d s  an  e x t r a n e o u s  s o -  
l u t i on  when  F = T and  P = 0. L i b o v e ' s  o r i g i n a l  d i f f i c u l t y  a r o s e  b e c a u s e  
the c o m p l e m e n t a r y  e n e r g y  was  d i f f e r e n t i a t e d  wi th  r e s p e c t  to T and  O. 
A l t h o u g h  O is  not  a f o r c e ,  a v a r i a t i o n  of 9 wi l l  r e s u l t  in a v a r i a t i o n  in 
the f o r c e  s y s t e m  in a l l  c a s e s  e x c e p t  the c a s e  w h e r e  the f o r c e  in AB is  
z e r o .  H e n c e  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to 0 wi l l  g ive  c o r r e c t  r e s u l t s  
e x c e p t  when  the f o r c e  AB i s  z e r o  wh ich  i s  p r e s i c e l y  the s i t u a t i o n  in wh ich  
L i b o v e  o b t a i n e d  the e x t r a n e o u s  s o l u t i o n .  

If,  in the s a m e  e x a m p l e ,  the  t o t a l  c o m p l e m e n t a r y  e n e r g y  is  d i f f e r e n t i a t e d  
wi th  r e s p e c t  to T and  P then .  wi th  m e m b e r s  a l l  of a r e a  A and  Youngs  
m o d u l u s  E and  w r i t i n g  p = P / E A ,  t = T / E A  and  f = F / E A ,  the  f o l l o w i n g  
e q u a t i o n s  a r e  o b t a i n e d  

f l p + 2 + 1  = V2 
(p2+(f-t)2)�89 

_ ( 5 5 )  

( f - t )  (p2+(f . t )2) �89 2 + 1 = V~(1 + f) 

T h e  c o r r e c t  s o l u t i o n  in wh ich  

f -  t 
p = ~ ( 5 6 )  

l + f  

c a n  be o b t a i n e d  b y  d i v i s i o n  of t h e s e  e q u a t i o n s .  
H o w e v e r  in the p a r t i c u l a r  c a s e  w h e r e  p - 0 and  f - t  = 0 the l e f t  hand  

s i d e s  ,of e q u a t i o n s  55 a r e  i n d e t e r m i n a t e  and  it  m a y  a t  f i r s t  s i g h t  a p p e a r  
i m p o s s i b l e  to t e l l  t ha t  t h e r e  is  not  an  e x t r a n e o u s  s o l u t i o n .  

T h e  p h y s i c a l  s i g n i f i c a n c e  of th i s  s i t u a t i o n  is  tha t  b e c a u s e  no  f o r c e  is  
p r e s e n t  in the m e m b e r  A B  i t s  ang le  is  i n d e t e r m i n a t e .  T h e  c o m p a t i b i l i t y  
c o n d i t i o n s a s  s p e c i f i e d  by  e q u a t i o n  21 c a n  e a c h  be  s a t i s f i e d  s e p a r a t e l y  by  
c h o o s i n g  a p p r o p r i a t e  v a l u e s  of 0 but  the s a m e  v a l u e  of 0 wi l l  no t  s a t i s f y  
bo th  e q u a t i o n s  s i m u l t a n e o u s l y .  E x a m i n a t i o n  of e q u a t i o n s  55 wil l  r e v e a l  tha t  
i f  p and  f - t  bo th  t end  to z e r o  then  

p 1 

(p2 +(f-t)2)�89 V~ 

and  
f -  t 1 + f  

(p2+(f- t )2) �89 

(57) 



Energy theorems in structural mechanics 325 

S q u a r i n g  and add ing  g i v e s  

1 =�89 [1 +(1 +f)2] (58) 

E q u a t i o n  58 c a n  only  be s a t i s f i e d  in the t r i v i a l  c a s e  w h e r e  f = 0 and the 
i m p o s s i b l e  c a s e  w h e r e  f = -2 .  

Thus ,  no  e x t r a n e o u s  s o l u t i o n s  e x i s t  as  l ong  as the to ta l  c o m p l e m e n t a r y  
e n e r g y  is  d i f f e r e n t i a t e d  with r e s p e c t  to c h a n g e s  in the f o r c e  s y s t e m  on ly .  
Th i s  r e s u l t  a l s o  a p p l i e s  to d i f f e r e n t i a t i o n  of the s t r e s s  e n e r g y  and in the. 
s t a t e m e n t  of  the t h e o r e m  it has  been  s t a t e d  that  d i f f e r e n t i a t i o n  is  to be 
c a r r i e d  out with r e s p e c t  to a f o r c e .  

12. Charlton's Virtual Work Method 

C h a r l t o n  [9] d e s c r i b e s  a m e t h o d  of ob t a in ing  the s a m e  r e s u l t s  tha t  c a n  
be o b t a i n e d  by u s i n g  CE o r  s t r e s s  e n e r g y .  The  t e c h n i q u e  a d o p t e d  is  to 
c o n s i d e r  a v i r t u a l  d i s p l a c e m e n t  of the s t r u c t u r e  o r  m e c h a n i s m  to one twice  
the s i z e ,  and then to r e p l a c e  the f o r c e s  in the r e s u l t i n g  v i r t u a l  w o r k  
e q u a t i o n s  by t h e i r  i n c r e m e n t a l v a l u e s .  The j u s t i f i c a t i o n  f o r  the s e c o n d  s t ep  
is  e x p l a i n e d  in an append ix  to R e f e r e n c e  3 a d d e d  in 1964. In c o m p a r i s o n  
with the s t r e s s  e n e r g y  m e t h o d  it is  s e e n  that  the w o r k  r e q u i r e d  to m o v e  
the f o r c e  i n c r e m e n t s  f r o m  an a r b i t r a r y  o r i g i n  to the s t r u c t u r e  will  be equa l  
to the w o r k  r e q u i r e d  to m o v e  the f o r c e  i n c r e m e n t s  f r o m  the s t r u c t u r e  to 
one twice  the s i z e .  

13. Conclusion 

C o r r e s p o n d i n g  r e l a t i o n s h i p s  b e t w e e n  c e r t a i n  i n c r e m e n t a l  e q u i l i b r i u m  e q u a -  
t ions  and c o m p a t i b i l i t y  e q u a t i o n s  can  be d e r i v e d  f o r  s t r u c t u r e s  u n d e r g o i n g  g r o s s  
. d e f o r m a t i o n .  I n v e s t i g a t i o n  of these  r e l a t i o n s h i p s  l e a d s  to the d e v e l o p m e n t  
of a new  p r i n c i p l e  of v i r t u a l  w o r k  and a f o r m  of e n e r g y  c a l l e d  s t r e s s  
e n e r g y .  The c o n c e p t  of  s t r e s s  e n e r g y  has  been  d e v e l o p e d  by c o n s i d e r i n g  

t h e  p o t e n t i a l  e n e r g y  o f  the f o r c e s  app l i ed  to the s t r u c t u r e  o r  m e c h a n i s m  
and i t s  r e l a t i o n s h i p  to L i b o v e ' s  f r o m  of c o m p l e m e n t a r y  e n e r g y  and C h a r l t o n ' s  
v i r t u a l  w o r k  m e t h o d  ha s  been  d i s c u s s e d .  

It is  h o p e d  that  this  p a p e r  h e l p s  to c l a r i f y  the s i t u a t i o n  with r e g a r d  to 
the use  of v i r t u a l  w o r k  m e t h o d s  and e n e r g y  t h e o r e m s  as  app l i ed  to s t r u c -  
t u r e s  u n d e r g o i n g  g r o s s  d e f o r m a t i o n ,  whi l s t  at  the s a m e  t ime  i n d i c a t i n g  a 
p o s s i b l e  a p p l i c a t i o n  to cab l e  and s u s p e n s i o n  s t r u c t u r e s .  
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